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Motivation: why do groups differ?

Why do groups differ is one of the most common questions in economics.

• Why did gdp per capita grow from 1909 to 1949? Solow (1957)

• Why are people living longer? Arriaga (1984)

• Why did the wage distribution widen in the 1980s? Juhn et al. (1993)

Answering them requires splitting a total difference between factors ⇒ Decomposition.

Same research question repeatedly appears in applied work

Go beyond how much of a gap there is ⇒ What are the sources of group differences?

This is a causal question!
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The workhorse: detailed Oaxaca-Blinder decomposition

Study Outlet Question asked

Economics

Altonji and Blank (1999) Handbook of Labor

Economics

Which factors produce the black-white and

male-female wage gaps?

Blau and Kahn (2017) JEL How much of the gender wage gap is due to

education, experience, occupation, industry,

unionisation?

Currie et al. (2023) AER What explains the fall in racial disparities in

particulate exposure? (Use rif-ob)

Fryer and Levitt (2004) REStat Why do black children score lower on stan-

dardised tests?

Mind the Gap

Aim: Researchers are after the sources of the gap.

Problem: the tool they use (naive detailed ob) does not answer the question.
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Contributions

(i) The critique.

• The naive detailed decomposition does not identify causal sources of group differences.

• The same applies to its distributional analogues (rif).

(ii) The solution.

• Develop a detailed decomposition that has a clear causal interpretation.

• Requires a stand on a recursive ordering of the covariates.

• Simple to compute using a sequence of standard aggregate decompositions.

(iii) General conditions beyond the mean.

• Nonparametric identification, estimation and inference.

• Available for any estimand calculated from a cdf, such as quantiles.

• Extends the mediation literature, stated for means, to entire distributions.

(iv) Application to the black-white wage gap.

• Decompose between family background, skills and job characteristics.

• Share attributed to family moves 10% → 40% from naive to causal decomposition.
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Running example: black-white wage gap

• G ∈ G = {b,w}; black and white, respectively.

• Outcome Y is log hourly wages.

• Covariates X = (1,P, S)′, where

• P are parental/family characteritics

• S is schooling.

Questions this literature asks

• How much of the gap is set before labour market entry? (Neal and Johnson, 1996)

• Factors causing it: education, experience, occupation, industry? (Altonji and Blank, 1999)

• Why do black children already score lower at school entry? (Fryer and Levitt, 2004)

• Why does the gap persist across generations? (Chetty et al., 2020)

• β̂g denotes the ols estimator of regressing Y on X at subsample g ∈ G.
• Ȳg , X̄g and are sample means at subsample g ∈ G.
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The linear case



Oaxaca-Blinder decomposition

Kitagawa (1955); Oaxaca (1973); Blinder (1973).

Aggregate decomposition

ols will always give Ȳg = X̄ ′
g β̂g , so:

Ȳw − Ȳb = X̄ ′
b(
ˆ︁βw − ˆ︁βb)⏞ ⏟⏟ ⏞

unexplained / structure

+ (X̄w − X̄b)
′ˆ︁βw⏞ ⏟⏟ ⏞

explained / composition

.

Under A.1-A.2, causal interpretation is Solved. (Fortin et al., 2011):

• Structure is att of G among black workers.

• Composition is the causal effect of moving characteristics from X̄b to X̄w .

Source: Cahuc et al. (2014), ch. 8, and Altonji and Blank (1999) for textbook treatments of the detailed decomposition.
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Potential outcomes and the aggregate decomposition

• Y (g , x) be the potential outcome when G = g , X = x .

• X (g) is the potential covariate value for G = g .

Observation rule: X = X (G ), Y = Y (G ,X ).

Definition: Y (g) := Y (g ,X ).

Assumption 1 (linearity, within-group strict exogeneity)

For g ∈ G, Y (g , x) = x ′βg + Ug , where E[Ug | G = g ,X ] = 0.

Assumption 2 (cross-group mean independence)

For g ∈ G, E[Ug | G ] = 0.

Then by A1, A2 and standard ols regularity conditions:

X̄ ′
b(
ˆ︁βw − ˆ︁βb) p−→ E[Y (w)− Y (b) | G = b],

(X̄w − X̄b)
′ˆ︁βw p−→ E[Y (w) | G = w ]− E[Y (w) | G = b].
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Naive detailed decomposition

• Mainstream: economics journals, handbooks, textbooks, policy reports.

• Accounting identity holds by construction.

(X̄w − X̄b)
′ˆ︁βw = (P̄w − P̄b)ˆ︁βP

w⏞ ⏟⏟ ⏞
“due to” family

+ (S̄w − S̄b)ˆ︁βS
w⏞ ⏟⏟ ⏞

“due to” schooling

The causal experiment

Change the mechanism generating P,

and let the remainder of the covari-

ate system respond naturally.

The naive detailed ob

A joint intervention: move P and

simultaneously prevent S from re-

sponding, which breaks the system

that generates the covariates.

̸=
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Why the naive detailed fails: simplified running example

G
race

P
family

S
schooling

Y
wage

Takeaway

All of the composition effect originates in family background.

• Eg. worker’s parents were discriminated against.

Problem

• The naive detailed decomposition attributes 100% of the gap to S .

• Technical reason: ˆ︁βP
w ≈ 0.
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Formally: a simultaneous system

For each g ∈ G, let the covariates be generated by

P(g , s) = γPg + γS→P
g s + UP

g ,

S(g , p) = γSg + γP→S
g p + US

g .

Then the components of the naive detailed decomposition converge to

(P̄w − P̄b)ˆ︁βP
w

p−→
[︃
γPw + γS→P

w γSw
1− γS→P

w γP→S
w

−
γPb + γS→P

b γSb
1− γS→P

b γP→S
b

]︃
βP
w , Ditto for S .

A simultaneous system is not identified without further assumptions (Working, 1927).

Any assumption that identifies the system makes progress

• We impose a triangular structure. (When causal/temporal ordering allows it.)

Standard in econometrics: Newey et al. (1999), Chesher (2003), Imbens and Newey (2009).

• Instruments are hard to find in typical applications.
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Triangularity is quite natural in the example

G
race

P
family

S
schooling

Y
wagestructure
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Making progress

Assumption 4 (triangularity and linearity)

For g ∈ G, the covariates follow a recursive structure:

P(g , s) = P(g) = γPg + UP
g ,

S(g , p) = γSg + γP→S
g p + US

g ,

with E[UP
g | G = g ] = 0 and E[US

g | G = g ,P] = 0.

Assumption 5 (cross-group mean independence; schooling equation)

For g ∈ G, E[US
g | G ] = 0.
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The building blocks

Θr ,h ≡ E
[︁
Y
(︁
w , P(h), S(r ,P(h))

)︁ ⃓⃓
G = h

]︁
∀r , h ∈ G.

∆P ≡ Θw ,w −Θw ,b,

∆S ≡ Θw ,b −Θb,b,

∆P +∆S = E[Y (w) | G = w ]− E[Y (w) | G = b]

Θw,w = E[Y (w) | G = w ]
Θw ,b

not observed

Θb,b = E[Y (w) | G = b]

not observed

P equation

w → b

S equation

w → b

∆P ∆S
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The detailed components

Under Assumptions 1, 2, 4 and 5

∆P = (γPw − γPb )
(︁
βP
w⏞⏟⏟⏞

direct

+ γP→S
w βS

w⏞ ⏟⏟ ⏞
through S

)︁
,

∆S = (γSw − γSb )β
S
w + γPb

(︁
γP→S
w − γP→S

b

)︁
βS
w .

• ∆P : move the distribution of P from b to w , letting S adjust. Direct and indirect effect.

• ∆S : move the process of S from b to w , at the black distribution of P.

Source: A similar problem can be found in (Daniel et al., 2015).
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Simple implementation

Downside of direct plug-in

Requires the conditional distribution of each covariate given its predecessors.

A sequence of aggregate decompositions

1. Run the aggregate ob with P only. The explained component is ˆ︁∆P .

2. Run it again with (P, S). The increment in the explained component is ˆ︁∆S .

Proposition 1 (equivalence of plug-in and sequential decompositions)

For the mean the two approaches are finite-sample numerically identical.

• This gives a causal foundation to sequential covariate introduction (DiNardo et al.,

1996; Butcher and DiNardo, 2002; Altonji et al., 2012).

• Path dependence was the standard objection to that practice (Fortin et al., 2011;

Gelbach, 2016). The sensitivity is a feature.
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Nonparametric identification of distributional decompositions



From means to distributions

We now decompose

FY (y | G = w)− FY (y | G = b) =

FY (w)(y | G = b)− FY (b)(y | G = b)⏞ ⏟⏟ ⏞
unexplained

+FY (w)(y | G = w)− FY (w)(y | G = b)⏞ ⏟⏟ ⏞
explained

No linearity, no parametric model for the dependence between covariates.

Assumption 7 (Sequential independence assumption)

For g ∈ G, x ∈ Xb ∪ Xw : (i) Y (g , x) ⊥⊥ G , (ii) Y (g , x) ⊥⊥ X | G .

Assumption 8 (common support)

Xb = Xw .

17



Aggregate identification

Proposition 2

Under Assumptions 7–8, for any g , g ′ ∈ G,

FY (g)(y | G = g ′) = FY ⟨g |g ′⟩(y) :=

∫︂
Xg′

FY (y | G = g , X = x) dFX
(︁
x | G = g ′)︁ ,

which is observable.

• Adding X (g) ⊥⊥ G delivers the unconditional components,

FY (g ,X (g ′))(y) = FY ⟨g |g ′⟩(y).

• This is the distributional analogue of the aggregate ob result; nothing new so far

(Chernozhukov et al., 2013).
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Detailed identification: the main result

Assumption 10 (Triangularity)

P(g , s) = P(g) ∀g ∈ G.

Assumption 11 (sequential independence; detailed)

For any g , g ′ ∈ G, p, s : (i) {Y (g , p, s), S(g ′, p)} ⊥⊥ G ;

(ii) {Y (g , p, s),S(g ′, p)} ⊥⊥ P | G ;

(iii) Y (g , p, s) ⊥⊥ S | G ,P.

Proposition 3 (main result)

Under Triangularity, Assumption 11 and common support

FY (g ,P(g ′),S(g ′′,P(g ′)))(y | G = g ′) = FY ⟨g |g ′,g ′′⟩(y) ≡∫︂∫︂
FY (y | G = g , P = p, S = s) dFS(s | G = g ′′, P = p) dFP(p | G = g ′) ,

∀ g , g ′, g ′′ ∈ G

19



The distributional decomposition

Identified by observable objects: (Using FY ⟨w |b,b⟩(y) = FY ⟨w |b⟩(y).)

FY (y | G = w)− FY ⟨w |b,w⟩(y)⏞ ⏟⏟ ⏞
∆P

and FY ⟨w |b,w⟩(y)− FY ⟨w |b⟩(y)⏞ ⏟⏟ ⏞
∆S

,

Two routes to the same estimand

1. Direct: plug in estimates of FY (y | P,S ,G ), FS(s | P,G ) and FP(p | G ).

• Hits a computational wall fast: five continuous regressors and a grid of 100 quantile

regressions per distribution gives 1005 pseudo-observations at the last step.

2. Sequential: taking differences of successive explained components. FY ⟨w |b,w⟩ is

exactly the aggregate decomposition run with P alone. Feasible.

Equivalence of plug-in and sequential decompositions

The counterfactual distributions coincide exactly in the population. The mean

estimators coincide in finite samples.
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Estimation and inference



Parametric estimation of counterfactual distributions

Plug-in, following Chernozhukov, Fernández-Val and Melly (2013)

1. Linear qr by group, on a grid τ1, . . . , τT uniform on (0, 1):

QY (τ | X = x , G = g) = x ′βg (τ) =⇒ ˆ︁βg (τt), t = 1, . . . ,T .

2. Invert the fitted quantile process into a conditional cdf:

ˆ︁FY (y | X = x , G = w) =
1

T

T∑︂
t=1

1{x ′ˆ︁βw (τt) ≤ y}.

3. Integrate over the other group’s covariates:

ˆ︂FY ⟨w |b⟩(y) =
1

nb

∑︂
i :Gi=b

ˆ︁FY (y | X = Xi , G = w).

White wage structure, black characteristics.

Source: Functional limit theory and validity of the bootstrap also in Chernozhukov et al. (2013). Quantile regression: Koenker and Bassett (1978).
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Estimation and inference for the causal detailed decomposition

Sequential: one decomposition per block

Run steps 1–3 with P alone, then with (P, S):

ˆ︁∆P(y) = ˆ︁FY (y | G = w)− ˆ︁FY ⟨w |b,w⟩(y), ˆ︁∆S(y) = ˆ︁FY ⟨w |b,w⟩(y)− ˆ︁FY ⟨w |b⟩(y).

• Each step is one call to a standard aggregate decomposition.

• The increment in the explained component is the block’s contribution.

• The whole sequence is bootstrapped jointly.
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The parametric assumption is not reasonable at every step

The parametric assumptions are not reasonable here

• Identification (Propositions 2–3) is fully nonparametric. Linear qr is an

implementation convenience, no part of the theory asks for it, practitioners do.

• Imposing linear qr at every τ , and at every step of the sequence =⇒
misspecification (at least) in the early steps because linear conditional quantiles are

not generally preserved by marginalisation =⇒ we loose consistency/an for the

intended counterfactual distributions.

The fix: impose no family. (Where we are heading.)

• dml: cross-fitting and Neyman-orthogonal moments at each step (Belloni et al.,

2017; Hsu et al., forthcoming).

• Sieve qr (Belloni et al., 2019): nonparametric asymptotically, so the failure

vanishes while staying inside the qr framework.
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Application: the black–white wage gap



Setting

nlsy 1979; outcome is log hourly wages in 1990; white workers are the reference group.

Race

Family

background
Skills

Sector,

occupation

Wages

1. Family background: parents’ education, age, gender, urban/rural upbringing, living with

both parents at 18.

2. Skills: years of schooling, afqt.

3. Job characteristics: occupation (blue/white collar), sector (services/manufacturing).

Sign convention: black minus white, so negative numbers mean lower black wages.
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The decomposition at the mean

Causal Naive detailed

log hourly wage Prop. log hourly wage Prop.

(1) (2) (3) (4)

Wage gap -.224 100.0% -.224 100.0%

(.022) (.022)

Explained -.191 85.1% -.191 85.1%

(.021) (.021)

Structure -.033 14.9% -.033 14.9%

(.026) (.026)

Detailed:

Family background -.089 39.8% -.023 10.5%

(.010) (.009)

Skills -.076 34.0% -.111 49.5%

(.017) (.018)

Job characteristics -.025 11.3% -.056 25.2%

(.006) (.006)

Source: U.S. Bureau of Labor Statistics, nlsy 1979. Bootstrap standard errors in parentheses. 27



Across the distribution

Total

Family background

Explained

Skills

Structure

Job characteristics

0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0 0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0 0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0

0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0 0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0 0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0
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Conclusion



Conclusion

What we show

1. The naive detailed decomposition does not identify causal sources.

2. Under a triangular ordering and sequential independence, a detailed decomposition

of the whole distribution is identified.

3. It is implemented as a sequence of standard aggregate decompositions.

4. In the black–white wage gap, the share attributed to family goes from 10% to 40%.

Limitations

1. Requires a credible causal ordering of covariates;

2. Sequential independence is strong.

Next

• Analyze the setting of the Gelbach decomposition.

• Estimation without a parametric family at each step (dml or sieve qr)
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Thank you.
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